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Abstract 

We analyze the Wald entropy for different forms of the conformal anomaly in six dimen¬ 
sions. In particular we focus on the anomaly which arises in a holographic calculation 
of Henningson and Skenderis. The various presentations of the anomaly differ by some 
total derivative terms. We calculate the corresponding Wald entropy for surfaces which 
do not have an Abelian 0(2) symmetry in the transverse direction although the extrinsic 
curvature vanishes. We demonstrate that for this class of surfaces the Wald entropy is 
different for different forms of the conformal anomaly. The difference is due to the total 
derivative terms present in the anomaly. We analyze the conformal invariance of the Wald 
entropy for the holographic conformal anomaly and demonstrate that the violation of the 
invariance is due to the contributions of the total derivative terms in the anomaly. Finally, 
we make more precise the general form for the Hung-Myers-Smolkin discrepancy. 
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1 Introduction 


More than twenty years ago Wald has introduced a very efficient prescription by which the 
gravitational entropy can be computed for a given gravitational action n. 0 (see also 0). The 
typical gravitational action in question is polynomial in the Riemann curvature and its covariant 
derivatives. This prescription associates the entropy with a horizon, a co-dimension two surface 
with very peculiar properties. In particular, it is assumed that there exists a time-like Killing 
vector which becomes null on this surface. This vector generates an Abelian symmetry in the 
transverse direction to the surface. As a consequence, the extrinsic curvature of the surface is 
vanishing. 

In a related concept of the entanglement entropy one associates some entropy with arbitrary 
co-dimension two surface, not necessarily a horizon. The presence of the Abelian symmetry 
is thus not guaranteed in this case. Nevertheless, there appears to be a certain algorithm [7], 
0, a, in to associate some entropy with each individual term, dependent on the curvature, 
in the quantum effective action. This algorithm certainly deviates from the one proposed by 
Wald if the surface in question is characterized by a non-trivial extrinsic curvature. However, 
what happens if the extrinsic curvature is vanishing while the Abelian symmetry is not present? 
This would be the situation when the Wald algorithm for the entropy might be thought to 
still work. This was tested by Hung, Myers and Smolkin (HMS) in |4j for a certain class of six¬ 
dimensional geometries with the properties as above where they compared the Wald entropy due 
to the 6 d, conformal anomaly with the holographic entropy computed by using the holographic 
prescription by Ruy and Takanayagi [6j. They have found a discrepancy between these two 
calculations. In the recent works [5| we have made some attempts to explain this discrepancy, 
for the alternative attempts see [13] , 

In the present note we deliberately ignore the problem of finding an explanation for the 
HMS discrepancy. Instead, we make a step back and ask the question which should have been 
answered first: what is the general form for the discrepancy? The answer to this question is not 
that trivial as it would seem to be. The reason is the following. In [1] it was considered not the 
most general form for the conformal anomaly and certainly not the one which actually appears 
in a holographic calculation as, for instance, in the paper of Henningson and Skenderis [ IT] . 
The difference between the two possible forms is due to the total derivatives. In this note we 
show that what the Wald entropy is concerned these total derivatives are important and can 
not be disregarded. 

This note is organized as follows. In section 2 we present the general form for the trace 
anomaly in six dimensions. This general form includes the Euler number, three conformal 
invariants and a set of total derivative terms. In section 2.2 the holographic conformal anomaly 
calculated by Henningson and Skenderis is presented in this general form and we give the 
values of the respective conformal charges as well as the charges that correspond to the total 
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derivatives. In section 3 we give the formulas for the Wald entropy due to the 6 d conformal 
anomaly, both in a general form and for the holographic conformal anomaly. In section 4 we 
consider the HMS geometries and surfaces and compute the Wald entropy for the holographic 
anomaly presented in two forms, the one in which it appears in the holographic calculation and 
the other which involves the representation in terms of the conformal invariants, and find a 
mismatch. In section 5 we explain the mismatch by taking into account the contribution of the 
total derivatives. The Wald entropy of the latter is non-vanishing in general. In section 6 we 
discuss the conformal invariance of the corresponding entropy. In section 7 we give a general 
form for the HMS discrepancy. We conclude in section 8 . 

2 Conformal anomaly in six dimensions 

2.1 General form for the anomaly 

In a generic conformal field theory in d = 6 the trace anomaly, modulo the total derivatives, is 
a combination of four different terms 

< T >= A = Abi + Ac , 
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•Abi = clEq + bill + b 2 I 2 + b 3 I 3 j Ac = dkCk , ( 1 ) 

fc=1 

where B 6 is the Euler density in d — 6 and, using notations of [12], we have 

h = W^pW^W * 9 p , 

h = w^w^w ^ 9 , 

h = W^nw^ + W pa01 (ARZ - , (2) 

where W a p pu is the Weyl tensor. In ([I]) the part Ac is due to the total derivatives 

Ci = Bi , C 2 = B 2 + B 6 , C 3 = B 3 + E >7 , 

C 4 = B 4 + B$ , C 5 = B 5 + Bq , 

Cq = —B 2 — B a — — .Bn — — B 13 + B 14 , 

C 7 = —B 2 - -B 3 + -B 4 + -B 5 + —B 12 + 2 ^ 15 ~~ 4^ 16 _ ^ 17 ’ (3) 

where 

B\ = V 4 B, B 2 = (y a Rf , B 3 = (y a B pv ) 2 , B 4 = VoB^WB™ , B 5 = (V a W pvpcT ) 2 , 

B 6 = BV 2 B, B 7 = B ab V 2 B ab , B 8 = B a/3 V^B^ , B 9 = W a ^ v V 2 W a9 ^ , B w = R 3 , 

Bn = RB 2 w , B V2 = RWf wpa , B 13 = B p U B U ?B p B 14 = B^B^W*^ 

Bis = B a pW a ^\V 9 pvp , B 16 = W q/3 p AV pa a9 , B 17 = W Qflfjv W ap 9 °W>* / „, 
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and the tensor B is defined as 


R P v Rfiu ^Rq^v ■ (5) 

The form ([TJ) , when the contribution of the total derivative terms C k is neglected, for the 
conformal anomaly we shall call the BI- form. 


2.2 Holographic conformal anomaly 

In this paper, we are mostly interested in the holographic conformal anomaly computed in [11] . 
It is derived by a standard holographic procedure from the 7-dimensional gravitational action 

1 f SO 

w 7 = ~2p J d 7 xV9(R+ T2 )- ( 6 ) 

This anomaly takes the form 

A h = -^5 {\r r ,u r ^ - - R P u P ,R^R ua + ^\/,V u R - l -R^UR^ v + ^RDR) • ( 7 ) 

It can be represented in the form (0Q) as follows 


A h = A h BI + A h c , 

3 l 5 35 

Abi = 25 jij 5 (—~ I68O/1 - 420/2 + 140 / 2 ), 


A% = 


3 L 5 


c 2 5 7!/ 5 


-140C5 + 420C 3 - 504C4 - 84C 6 + 560CV). 


So that we find for the charges b k and a, 

L 5 


L s 

= b2 = 


128/s 


, ^3 = 


L 5 

384/s ’ 


L 5 


a = 


3072/5 


in agreement with [4J and [13]. We also find that 


J L 5 , 3L 5 ; 

n.3 — — , «4 — ~ _ 1 d-, — 


L 5 


384/5 


320/5 


384/5 


da — 


L 5 , L 5 
, d 7 — 


640/5 


96/5 


and all other d k vanish. 


( 8 ) 

(9) 


( 10 ) 


3 The Wald entropy 

3.1 General formula 

Suppose that the gravitational action W is a function of the Riemann curvature and its covariant 
derivatives (and contains maximum two derivatives). Then the corresponding Wald entropy is 
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computed according to the formula p] 


S w — ~ 2vr / ( 


dW 


dR 


- V f 


dW 


fii'pa 


9 V aRfiupa 


+ V (a V^) 


<9IU 


9 V (q. V /3)RfM/pa 


') C / iI/Cpcr 5 


( 11 ) 


where e Mi , = n a n b v e a b , a = 1, 2 is a pair vectors normal to surface E, so that we have that 


V = MW - WW • 


a__a\ ( n-b nn b\ 


( 12 ) 


We notice the symmetrization in the last term in (11111 . It will be important when we discuss 
the Wald entropy due to the total derivatives. 


3.2 Entropy due to the holographic conformal anomaly 

Using the above definition we compute the corresponding Wald’s entropy. In the case of the 
holographic conformal anomaly (J7|) we find 

nL 5 f 9 

Stv = 32*i }{(RR~ + R 2 ,.) ~ ~ (2 R^RT + Rl - Rl„) 

+ ~V a V a i? — OR aa + ~ D-R] ’ (13) 

where the indexes a and b correspond to projections on the normal vectors n%, a = 1, 2 and 
we introduced the notations V a = n^V^, OR aa = 

3.3 Entropy due to conformal anomaly in the BI- form 

On the other hand, for a generic anomaly in the form Abi flU) we have that 

Sbi = (a,E± + &iSi + 62^2 + &3S3), ( 14 ) 


Sl = —&n{yv b ^ a w^ ab 

s 2 = -Qir{2W abllu W^ 


_ W apua W ^ bb v _ }_ W apua w a ^ + , 

- + \w^ p w^ ap ) , 


(15) 


s 3 = — 87 i(nW abab + AR^W^ - R^W^ ava - - 

5 


Rw abab + 


h 

5 


flUCTp 


w^p) , 


as was first derived in [4]. Notice that the contribution of the total derivative terms Ck is ne¬ 
glected in (TT4l) . This contribution is indeed supposed to vanish when considered in the standard 
situation of a Killing horizon. 
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4 The Wald entropy for the HMS-surfaces 

4.1 The HMS geometries/surfaces 

Hung, Myers and Smolkin J4J have considered the following six-dimensional geometries and the 
four-dimensional surfaces: 

• a) E : S' 1 x S 3 in R x S' 2 x S 3 , R± is radius of S' 3 , R 2 is radius of S 2 , 

• a’) E : S 2 x S 2 in R x S 2 x S' 3 , R\ is radius of S' 3 , R 2 is radius of S 2 , 

• b) E : R 2 x S 2 in R 3 x S 3 , iR is radius of S 3 , 

• c) E : R 1 x S 3 in R 2 x S 4 , iR is radius of S 4 . 

All these geometries are characterized by same properties: 

i) they are products of constant curvature spaces; that is why, in the Wald entropy (fT31) or dT5]) 
all terms with covariant derivatives vanish; 

ii) the time coordinate x 1 = t lies in the flat sub-space, so that components of the Riemann 
tensor R lllia p or the Ricci tensor R^ vanish if one of the indexes is 1; 

iii) the surface E has two normal vectors, one of which, n 1 , is time-like. The corresponding 
extrinsic curvature vanishes because it is the Killing vector. The surface E has a component 
which is the minimal surface embedded in a sphere. The corresponding normal vector, n 2 , 
lies along this sphere. The corresponding extrinsic curvature vanishes since it is the minimal 
surface; 

vi) in particular, we have that R 2 a = R 2 ab and R a bcb = 0 for all these geometries; 

v) in all these cases the Abelian 0(2) symmetry in the transverse direction to E is absent 
although the components of the extrinsic curvature of E vanish. 


4.2 Entropy due to holographic conformal anomaly 


First, we compute the entropy (fT51) due to the holographic conformal anomaly: 

33 v 


nh 

— 


7T l 5 7 12 

400 ll V ^Ri R\ R\R 


p 

q h _ K l 5 

^“ 400/ 3 




L 2 

7 


b 38 


58 


b). S^ = 


D4 p4 p2 p2 

p -^2 -^1 -^ 1^2 

197T Z 5 Vs 


), 


200 /s R\ ’ 

ok = 

w 400 ll Rf ’ 


where Vy, is volume of E. 


(16) 

(17) 

(18) 
(19) 
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4.3 Entropy due to holographic conformal anomaly in BI -form 


Now we compute the Wald entropy for the same holographic anomaly but represented in the 
BI form (HD- We find 


nh _ 

°BI ~ 


7T 




400 


Vr. 


nh _ 

D BI ~ 


,7_ 

' e>4 

rt 2 
, 7 


12 

w 

64 


33 


17 i 5 V 
400f + 3Rf 

4t r l 5 


td2 e >2 > 
K 1 K 2 

58 


TD2 d 2 ^ 
ill 


b) ’ S “=75PP 
23vr / 5 14 
400 Wl% 


nh _ 

°BI ~ 


( 20 ) 

( 21 ) 

( 22 ) 

(23) 


These results for the Wald entropy agree with the entropy computed in |4j when we choose the 
particular values (JH]) for the conformal charges . 


4.4 The mismatch 


Clearly, we have a mismatch, A S h = S^ — S ^ r , between these two calculations: 


a) . A S h 
a'). A S h 

b) . A S h 

c) . A S h 


0 , 

b_ 1 _Yb 

24 ll R\ ’ 

24 ll R\ ’ 
7T PVz 
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5 Contribution of the total derivative terms 


(24) 

(25) 

(26) 
(27) 


5.1 Some general formulas 

Trying to understand the mismatch which we have just observed we have to consider carefully 
the total derivative terms which are in general present in the conformal anomaly. As wee see 
from (jHJ) only terms Ck , k = 3,4,5, 6 , 7 contribute to the holographic conformal anomaly. 
Before using the Wald formula (ITTj) and compute the entropy it is required to first transform 
each Ck to a form which would contain terms symmetric in second covariant derivatives of the 
curvature. The terms C 3 and C 5 already take this form. The corresponding Wald entropy 
calculated using dll]) gives zero entropy, 

= s %= 0 . (28) 
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For the other terms the situation is less trivial. Commuting the covariant derivatives one finds 


C 4 = D 4 + R a p R p “ - R^R pv R a ^ v 
C 7 = D 7 + h - l -I 2 + l -R a pW a ^ p WP pup , 

C 6 = D 6 + R pv R a0 R pa ^ - R p a R a PR? p , (29) 


where I\ and I 2 are dehned in (fT2l) and we introduced 

D 4 = -^ROR - 1(V^) 2 + lR a0 V ry VeR + V a R lw V R R ap , 

lo ob O 

D 6 = \(V a R ) 2 ~ V P R a ^VpR p a , 

D 7 = l -(V a R, lvpa ) 2 - (V a R lw ) 2 + ^(V Q i?) 2 + . (30) 

Now we apply the general formula (fill) and compute the Wald entropy, 


s£ 4 ’ = 2 tt [ [-§(□- Vl)R + (Rl - Rl - Rp] , 

s " )= 27! L l(a ~ v “ )B " (fi “" R ° b ~ R2 - a)] ' 

S { w ] = »i - J*2 + 2 tJjCKRm, - 2/C + \R) + \vlR +\(R 2 m 


-2vr {-W apup W a llup + 2R R W pbab - 

./V ^ 


2 R pv W pava ) , 


(31) 


R pv R pava ) 


where we define DR abab = n p n v ji b nl\I\R lxa i>p and OR aa = n p n^nR pi/ , and the terms Si and s 2 
have been dehned in (fT5lh We used the Bianchi identities and, in particular, that 


- lv„v p fl = Rc„R°„ - R^Ri (32) 

when derived (j3Tj). This identity, in particular, shows that the right hand side of (j32j), and its 
projections on the transverse subspace, vanishes for a product of constant curvature spaces. We 
then use that if the extrinsic curvature of surface £ vanishes we have the following relation 


(□-V*)fl= AeR, 


(33) 


where Ag is the Laplace operator dehned on surface £ and is the intrinsic curvature of £. 
The integration of (l33l) over a closed surface £ gives zero and the expressions ()3T1) are simplified 


q(C 4 ) _ _ qiCe) _ o_ / ( p2 p2 p2 \ 

°W — J W — Z7r / {^aa rt ab ^fia) ) 

Jt, 


( 34 ) 


S, 


w'' 1 ~ s i — ^ S 2 + ^ / [2 n\(R abab — 2 R aa + R) + 3 (R 


2 

yza 




-w apvp W a pvp - 4 R a W pbab + R lw W pava ] 
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We note that these formulas are valid for arbitrary geometry and any entangling surface for 
which the extrinsic curvature vanishes. If the geometry in question is a product of constant 
curvature spaces, as in the examples considered in section 4.1, then the terms with derivatives 
in (134[) vanish. Each entropy in (134|) is a priori non-vanishing and we shall demonstrate this 
below for the concrete examples. Accidentally, we observe that the Wald entropy for invariants 
Ci and Cq is the same, up to a sign. 

5.2 Explaining the mismatch 

Now let us compute the contribution of these to total derivative terms to the entropy, for various 
geometries discussed before. Our aim is to demonstrate that 


as* = (<f 4 s£; 4) + *s^* ) + d 7 s<p>). 


(35) 


The values for the charges dk are given in (ITU . 


We find in the following cases: 


a) Tj : S 1 x S 3 in R x S 2 x S 3 : 


q (Ci) _ _q(C 6 ) _ 27T VyL 0 (C 7 ) _ 37TVbL 5 

w w £ 5 p Ri ’ w 2 t\R* 


(36) 


and hence 



(37) 


k 


a’) E : S 2 x S 2 in R x S 2 x S 3 : 



(38) 


and hence 



(39) 


b) E : R 2 X S 2 ill R 3 x S 3 : 



( 40 ) 
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and hence 


c) Tj : R 1 x S 3 in R 2 x S 4 : 




7 W S L 5 
24 i 5 p R 4 ' 


( 41 ) 


and hence 


o(C 4 ) _ _ Q (c 6 ) 
— 


187rVs-h 5 (c 7 ) _ 3nVzL 5 

£ 5 p Ri ’ w 




ttFsL 5 

8£pf ' 


(42) 


(43) 


We see that in all these cases we obtain a complete agreement with f[241) - (l2Tl) and conhrm (j35il . 
The mismatch thus is indeed due to the contributions of the total derivative terms which appear 
in the conformal anomaly when we pass from the form (J7J) to the 57-form (JHJ) - 


6 Conformal invariance 

In this section we would like to check whether the Wald entropy in question is conformal 
invariant. We restrict ourselves to the infinitesimal conformal transformations, 5 a g pu = g pu cr. 
Then we find in six dimensions that 

5 a R = -5Qr - R<J , S a R, lw = —2V At V„cr - ^g pu Ua , S„R aa = -2 V 2 a a -Dcr-crR, 

SvR^ava = -^(vVaO- - n a u V a V p a - n“V a V v a + 2 V P V v a) . (44) 

First, we analyze the conformal invariance of the Wald entropy (fT3j) due to the holographic 
conformal anomaly. In order to simplify the transformations we consider the case of a geometry 
with constant curvature, i.e. the condition V p R, a 0 lw = 0 is assumed to be valid. Then we find 
for the variations of the quantities, integrated over the surface E, 

4 f DR = - [ (5 D 2 a + RDa ), (45) 

J r Jr 

K f V'iR = - [ (5V’Qr + RVla ), 

J r Jr 

5 a f DR aa = — f (2DV^cr + □ 2 a + R aa Da ) , 

Jr Jr 

5 a [ DR abab = - f ( R abab ncr + DV^cr) . 

Jr Jr 
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Since the extrinsic curvature of E vanishes we have Dcr = X7 2 a o + Ay;cr. Finally, we use the 
commutation relation 


(DV^ — V 2 n)cr — 2 (R a b — R ac bc)X7 aVfeCT , 


(46) 


where V a = n^X7 fl , a = 1, 2 are derivatives in the transverse sub-space and we neglected all 
terms with derivatives along the surface E since, after integration over E, these terms give zero. 
Putting everything together we find 

Sa S w = j[{R*b ~ lRccS ab )V a V b a] (47) 

for the conformal transformation of the Wald entropy (1T31) due to the holographic conformal 
anomaly. This conformal transformation vanishes in many particular cases. For instance, it 
vanishes if the six-dimensional space-time is Einstein, i.e. = Ag^. In the presence of 

0 ( 2 ) symmetry in the transverse sub-space we have that R ab = A 5 ab , a = 1 , 2 and the tensor 
Rab ~ \Rcc8 a b = 0 so that (1471) vanishes, as expected. However, for the geometries considered 
in section 4.1 we have that Rn = 0 and R 22 7 ^ 0. In this case the right hand side of (1471) is 
non-zero. It is proportional to R‘n{AJ\ — V 2 )o\ This quantity is non-vanishing if a is a generic 
function of coordinates x 1 and x 2 orthogonal to surface E. 

The terms (1131) in the Wald entropy that are due to the conformal invariants R , I 2 are con¬ 
formal invariant by construction. Conformal invariance of entropy S 3 which is due to invariant 
R is less obvious since S 3 is expressed not only in terms of the Weyl tensor but also in terms 
of the Ricci tensor, Ricci scalar and a Laplacian. On a background of a constant curvature 
geometry we find for the conformal variation of S 3 , 


Ar S 3 = -247T f (DaW abah - 2X7a'Vb&Wacbc) = -247T f (5 a feV^cr - 2X7 a X7 b a)R acb c , (48) 

J s Jr, 

where in the second equality we have used that Dcr = provided the extrinsic curvature 

of E vanishes and that 


Wacbc ~ Racbc + 8 a b( — R — ~R C c) ■ (49) 

Now, irrespectively of the presence or absence of the 0(2) symmetry we always have that 

Racbc ~^8 a bRdcdc • (50) 

Hence, the transformation ()48l) vanishes and the Wald entropy s 3 is indeed conformal invari¬ 
ant to linear order for a constant curvature geometry and a surface with vanishing extrinsic 
curvature. Notice, that for the HMS geometries we have that R ac bc — 0. 
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That the total Wald entropy (1T5D is not conformal invariant is thus due to the presence of 
the terms (13TT) which correspond to the total derivative terms in the conformal anomaly. Indeed, 
we find for the conformal transformation of these terms 

VSjp 1 = -KS$’ ) = 16 j - IjWo»)V„Vwt] , 

VS{P> = 0 , (51) 

where in the last line we used (l45]i and (l49]h Thus, to this order the entropy is conformal 

invariant while the non-invariance of the Wald entropy (TT3|l is entirely due to the terms S 
and S^ 6 (provided we use values ([XU for the charges <4). 


7 The HMS discrepancy for a general 6d anomaly 


The discrepancy discovered in [4] is a mismatch between the holographic calculation of the 
universal term in the entropy and the Wald entropy computed for the holographic conformal 
anomaly. However, in [4J it was considered only the BI -form of the conformal anomaly and 
the total derivative terms were neglected. As we explained in this note the actual holographic 
anomaly differs from the Bl-iorm by certain total derivative terms. For the geometries con¬ 
sidered in [4] the Wald entropy of these total derivatives is non-vanishing, as we have just 
demonstrated. Thus, the finding of [4] should be completed by adding the corresponding con¬ 
tributions of the total derivative terms. 

For an arbitrary conformal anomaly taking the form ([T]) with the conformal charges bk and 
the charges (4 the discrepancy takes the form 


A S EE = 4v rb 3 In e / {W abpv W pv ab - W apup W a pvp + 2W apua W p bb v - 2 W bpva W p ab v ) 


>2 


-27r(d 4 - d 6 ) lne / (R aa - R ab - R pa ) 


(52) 


—2'nd'j In e J [2D(i? a ft a b — 2 R aa + R) + 3 (R 2 pa — R pu R pcwa ) 

+ 3 W bpva W p ab v - 3 W apua W p bb v - hv abpv W pv ab + hv apvp W a pvp + 2 R*W pbab - R pu W paua ], 


where in the first line we used the result of [4j. This is a general form for the discrepancy. For 
the geometries more general than those considered in section 4.1 there may appear some terms 
with derivatives of the curvature in the first line of (1521) . The analysis of [4j does not allow us 
to identify those terms. We also notice that d 4 — d$ = b 2 for the holographic anomaly obtained 
from the d = 7 Einstein action. 
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8 Conclusions 


In this note we have analyzed the general form for the conformal anomaly in six dimensions 
and the corresponding Wald entropy. We have demonstrated that what the Wald entropy is 
concerned the total derivative terms which generically appear in the conformal anomaly can 
not be neglected. Their contribution is essential for the consistency when the entropy of the 
holographic conformal anomaly is compared to the entropy computed for the anomaly expressed 
in terms of the conformal invariants. The other important role of the total derivative terms is 
that their presence in the anomaly breaks the conformal invariance of the corresponding Wald 
entropy. Finally, we use our hirelings and give a general form for the discrepancy found in [4]. 
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